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Aggregate Factors

Consider the context of factor graphs (graphical mod

Aggregate FactdsF) are factors based aygregate
functions:OR, MAX, AND, SUM, AVERAGE, MODE,
MEDIAN, NoisyOR, NoisyMaxetcat al).

An example of AFs
An election between two parties A and B
Given
o Probability of TV ads in support of A and B
o Probability of each vote given ad exposure
Question: Who will win the election?



Aggregate FactorsMotivational Example

Political Ad shown on TV (Prd\ or ProB
V,: Individual votes

depending omad exposure

P(V.=A| ProA)

P(V.= B | PreA

P(V.= B | PreB

A\
Winner (= MODE(V) ) VS A single factor
b

variables

¢'(Winner) = Z émope(Winner, Vy, -+, V) l_[ v (V;, Ads)

Vi,V Ads

L
@ W = MODE(Vy, -, V)
dmope(W, V1, -+, V) = {0, Otherwise 4



FirstOrder Probabllistic Models (FOPMs)

Relational atoms: parameterized random variables: Smoker(x)

O Pafactors: represent sets of factors. (Poole, 2003Braz Amir, Roth 2006

: . 0.3 s=true
/ N ) 5 T\ X, — :
('], x # Kristian, {Smoker(x)}, ¢p(s) {0'7 s:false)
Formally, (L, C, A, ¢).
O | :asetof parameters, or logical variables ( )

O (C:aconstrainton L ( x # Kristian )
O A: a tuple of relational atoms ( Smoker(x) )
O

¢: a potential function on each valid instantiation of atoms
O Can represent, among other things, MLNs:
O MNL: 1.1: Smoker(x) A Friend(x,y) = Smoker(y)

O FOPM: ( ,true, (Smoker(x), Friend(x,y), Smoker(y)), ¢ (s, f,
where ¢(s, f,s') = el 1:[sAf=s1] 5



Aggregate factors

Aggregation Parfactors are very useful when writing relational
models.

Aggregate Parfactor: (1, C,X,Q),Y) (Kisynski and Poole 2009)

O X,Y : relational atoms
1, Y =® Xi

O : an aggregation function ¢g Y, Xy, -, X,) = {0 Otherwise

Election example: winner is the one with majority of all votes Vi:

(/] true, { V(i) }, MODE, { Winner })

Or: any -omponent, but the battery, causes the failure of a piece
of equipment:

( . ¢ # battery, { Fail(c) }, OR, { EquipmentFailure } )
Such factor cannot be expressed with regular parfactors.



Aggregate factors

M Another example of aggregate parfactor is existential quantification

O MLNs do not support existential quantification efficiently, but this
can be done with aggregate parfactors

0.7: Cancer(x) = (3y Friend(x,y) A Smoker(y))

Jy Friend(x,y) A Smoker(y)
can be formalized as an
OR aggregation of Friend(x,y) A Smoker(y) for every y.

Important modeling tools such as Noisy-Or require aggregate
parfactors in order to be represented efficiently.



Inference Iin Factor Graphs with AFs

Inference problem to solve: (n kvalued random variables)

fO) = D, daOxn x| | dxx)

Naive summation: exponential in n.

Factorized Method (Diez and Galan, 2003)

0O Constant time in n, linear in k (range of variables)

O for (Noisy)-MAX and (Noisy)-OR only.

Divide and Conquer (Kisynski and Poole 2009)
O O(k logn).

N for commuitative and ascaciative aocoreoate factors onlv



Inference with Aggregatearfactors
Binary case with one aggregating atom

[nference problem to sglyg

Aggregation on XProduct ofmarginals
O  The above depends only on the histogram A of values of x4, ..., X,:

(Braz, Amir, Roth, 2006) (e.g. the winner depends only the
number of votes.)

h = (hT,hF)
ht = # of people voting to A, hg=# of people voting to B

F=) - o ) @D T (P
h

Function on h Binomial distribution




Inference with Aggregatearfactors
Binary case with one aggregating atom

; Rn (y, h) (px(o)ho(f)x(l)hl
PV X1, X)) = ¢®h y, h), h; = [{i: x; _]}|
O This is the summation of a binomial under the region satisfying

(p@h(yr h) = 1.

Example:
When @ = SUM and we want y = SUM x;, we have (a) y = hr.
When we want y < SUM x;, we have (b) y < hr.




Inference with Aggregatearfactors
Binary case with one aggregating atom

The summation of a binomial under the region satisfying

¢®h(y’ h) —1 0
. ) b2(0)0p, (D™
- 1
region

O This can be the integration of a Gaussian under linear constraints.

Binomial

O  Example:




Inference with Aggregatearfactors

Binary case with one aggregating atom
How can we specify the regions defined by ¢g, (v, h)?

[ N(hl; nhl, nhohl)dh
d)@h'(y,h)

O Convert the aggregate function b h(y, h) into linear constraints
bsum, Y, h) = hrpyp =¥

$anp, (TRUE,h) = hrgyg =n

¢or, (TRUE,h) = hrgyg = 1

$mopEe, (TRUE,h) = hrgyg = n/2

Q O O O O



Inference with Aggregatearfactors
Non-binary case (k>2) with one aggregating ato

Convert it into a histogram representation: (e.g. multiple candidate)

n

when hy + hy, + -+ hy =n Multinomial

O Approximate the joint probability with Gaussian:

n
(h )¢x(1) ... ¢x(k)hk — N(hiﬂ: 2),
1°
when y = [n¢x(1): :nqu(k)]:zu,v - n¢x(u)¢x (v)'zu,u =g, (W) (1 — ¢y (u))

O Convert the aggregate function into linear constraints




Inference with Aggregatearfactors
with multiple atoms

O  Convert it into a histogram representation:

> [rp@h(y, hr) - (Z%{) B, (FI by, (TIP - (Zi ) b, (F)'7, (T)“:’r} ,

h, -+ hJ.

when hy = h7 + -+ + h#
Convert it into Gaussian approximations:
Z {N(h%'i nq qul (T), nq ¢x1 (T)d)xl (F)) N(h{"J n, ¢x] (T), n, d)x] (T)(»bx] @

h},--hd.
S. t‘¢ ®h (thT)



